When a very intense beam is used for illuminating an object in coherent x-ray diffraction imaging, the intensities at the center of the diffraction pattern for the object are cut off by a beam stop that is utilized to block the intense beam. Until now, only iterative phaseretrieval methods have been applied to the object reconstruction from a single diffraction pattern with a deficiency of central data due to a beam stop. As an alternative method, we here present a noniterative solution, in which an interpolation method based on the sampling theorem for the missing data is used for the object reconstruction with our previously proposed phase-retrieval method using an aperture-array filter. Computer simulations demonstrate the reconstruction of a complex-amplitude object from a single diffraction pattern with a missing data area, which is generally difficult to treat with the iterative methods because a nonnegativity constraint cannot be used for such an object.
INTRODUCTION
Lensless coherent x-ray imaging from the diffraction intensity of an object has attracted considerable attention in the past decade since x-rays of coherent and brightness beams had become available from synchrotron radiation sources. In particular, the coherent x-ray imaging has been applied to the reconstruction of a noncrystalline specimen [1] [2] [3] [4] or a small crystal [5, 6] from its diffraction intensities with a spatial resolution from several to a few tens of nanometers.
When such an isolated object is illuminated with a coherent and intense beam, the central intensities of the diffraction pattern of the object are mixed with the direct beam. In this case, there exists the missing data problem for the measurement of the diffraction intensity, because the central intensities of the diffraction pattern are lost by a beam stop used for blocking the intense direct beam. Since the central intensities of the diffraction pattern include the information of the lower spatial frequency of the object structure, the lack of that information makes the object reconstruction difficult and every so often impossible. The conventional approach in the field of diffraction imaging is to replace the missing data in the diffraction pattern by the corresponding spatial frequency calculated from the low-resolution image of an xray or electron microscope [7] . This approach, however, makes it impossible to perform the investigation of the dynamics of object structures, and also causes artifacts in the object reconstruction owing to the combination of the different contrast data between the coherent diffraction imaging and the microscopy. Therefore it is desirable to be able to reconstruct an object directly from a single diffraction pattern with missing data.
Until now, a numerical solution to the problem of the object reconstruction from the diffraction pattern with the missing data area has been shown by using only the iterative phaseretrieval method [8] . The three-dimensional structure of a positive object has been reconstructed [8] from diffraction patterns at different angles by using the iterative method with the nonnegativity constraint, when the missing data are confined within a central speckle size that is proportional to the inverse of the object's extent. However, the reconstruction by iterative methods is accompanied by convergence problems, and hence the methods sometimes stagnate in a local minimum solution different from a true one. In the case of the reconstruction of complex-amplitude objects, the convergence of iterative methods becomes generally even more difficult [9, 10] , because the nonnegativity constraint that helps convergence in iterative methods cannot be used. Although a nonnegativity constraint on the imaginary part of some complexamplitude objects has been used [11] to retrieve the phase from the Fourier intensity distribution with a beam stop, such a constraint cannot be applied to generally complex-amplitude objects.
To the best of my knowledge, there is not any noniterative solution to the object reconstruction from a diffraction patter with a deficiency of central data so far. We have recently proposed a noniterative phase-retrieval method using an aperture-array filter to reconstruct a complex-amplitude object from a single diffraction pattern [12] . In this paper we present a noniterative solution to the missing data problem in coherent diffraction imaging, in which an interpolation method based on the sampling theorem [13] is applied to the missing data problem for the object reconstruction by the noniterative phase-retrieval method [12] . It is demonstrated in computer simulations that the present method can cope with the reconstruction of a complexamplitude object from a single diffraction pattern with missing data due to a beam stop, which is generally difficult to be reconstructed by iterative phase-retrieval methods.
In computer simulations, we demonstrate that, even if the maximum modulus of an illuminating Gaussian beam is ten thousand times larger than the maximum one of a complexamplitude object, the object can be reliably reconstructed from a single far-field diffraction pattern with missing data by the use of the present method, provided that the extent of the Gaussian beam is at least four times larger than that of the object and the size of a beam stop covers at most the spatial frequency area within the bounds of the inverse of the object's extent.
In other words, almost all energy of the direct Gaussian beam at the far-field plane can be blocked by the beam stop's size, and then the object can be reconstructed by the noniterative phase-retrieval method from diffraction intensity data, of which the missing data are recovered from the diffraction intensities outside the area of the beam stop by using the interpolation method.
In Section 2, we first present a short review of the phase retrieval method using an aperturearray filter, and then develop the procedure to estimate the missing data of two-dimensional (2-D) diffraction intensity by using a one-dimensional (1-D) interpolation method based on the sampling theorem. Such a 1-D interpolation is not so time-consuming as a 2-D one, and is suitable for the present phase-retrieval method based on 1-D calculations. In Section 3, the validity of the present method is demonstrated with computer simulations of the reconstruction of a complex-amplitude object, and we investigate the allowable range of the error for a parameter required for the calculation of the interpolation method (i.e., the error for an extent of the autocorrelation function of the object). In addition, the condition of the missing data size in the present method is compared with that in the iterative method [8] . Concluding remarks are given in Section 4.
Interpolation procedure for missing intensities

A. Review of the Phase Retrieval Method Using an Aperture-array Filter
In this paper we apply an interpolation method based on the sampling theorem to the missing data problem for the object reconstruction by the noniterative phase retrieval method using an aperture-array filter [12] . Thus a brief review of the phase retrieval method is described here. Under the Fraunhofer approximation [14] for the diffraction from the object, the complex amplitude of the incident light to the array filter is given by
Then, using the Fresnel approximation [14] , we can obtain the amplitude distribution in the detector plane at a distance of l downstream from the array filter as
where ( , ) A x y is the function of an aperture-array filter:
in which R(x − x n , y − y n ) denotes the amplitude transmittance of a square aperture being at the position of the coordinates (
− w 2 ≤ y ≤ w 2 and R(x, y) = 0 otherwise]. In Eqs. (1) and (2), unimportant multiplicative constants associated with the diffraction integrals are ignored. We now rewrite Eq. (1) as
where ( 
where 1 l z α = +
. As described in the previous paper [12] , the diffraction pattern of each aperture in the detector plane is isolated approximately from those of the adjoining square if the parameters of the measurement system (i.e., , , , and, 
where ′ R (x, y) is the aperture function including the quadratic phase:
Since the Fourier intensity 2 ( , ) F x y of the object function f (u,v) has to be encoded into the discrete data of Eq. (6), we here assume that the extent of the array filter (i.e., dN dM × ) is sufficiently large to enable a satisfactory representation of the object, and that the period d of the array fulfills the condition of
As described in the previous paper [12] , the 1-D phases in the direction of ξ and η axes of the correlation integral in Eq. (6) (5) and (6), we can obtain the intensity
and also
In measuring a diffraction pattern, the central intensities of the object's scattered field ( , ) F x y overlap with the intense direct beam ( , ) B x y , and so are blocked by a beam stop. Since the central intensities of ( , ) F x y correspond to the lower spatial frequency of the object structure, their absence makes the phase retrieval impossible. In the following subsection, we present the application of a noniterative interpolation method to the recovery of the missing data.
B. Interpolation Method Based on the Sampling Theorem
In the present method, some filled apertures on the array filter are utilized as a beam stop. Then 
Then the inverse Fourier transform of Eq. (9) is written as 
in which ( , ) r u v ′ denotes the inverse Fourier transform of the aperture function ( , ) R x y ′ in Eq. 
COMPUTER SIMULATIONS
The performance of the interpolation method for missing data on phase retrieval is demonstrated by computer simulations. Figures 2 and 3 show an example of the object reconstruction using that method. To evaluate the difference between an original and a reconstructed object, a measure of the quality of reconstruction is defined by the normalized root-mean-square (NRMS) error,
where f (u,v) and f r (u,v) Figure 4 shows that it is allowable to underestimate the extent L until about 30% of the true extent. This is because the autocorrelation function of an object with a finite extent σ has dully decreasing amplitude in the vicinity of the boundary of its extent 2σ .
When the number of filled apertures is 7 7 × or more, the present interpolation method cannot reconstruct the missing data reliably. On the other hand, it has been shown in the iterative approach to the missing data problem [8] that the iterative phase-retrieval method yields a reliable reconstruction from the intensity distribution with the central missing part when the missing data are confined within a central speckle size which is proportional to the inverse of the object extent (i.e., when the number of the missing speckles, defined by Eq. (1) in [8] , is less than one). The number of the missing speckles is calculated from the number of missing data and a ratio of the spatial frequency Consequently, the condition for applying the present interpolation method to the cases with a practical level of noise is that the number of the missing speckles needs to be less than about 0.5, which is evaluated by substituting the number of missing points 2 1 c n + =3 and the minimum oversampling ration 2.0 for phase retrieval into the defined equation in [8] .
Conclusions
We have presented the combined use of the noniterative phase retrieval method using an aperture-array filter [12] and the interpolation method based on the sampling theorem for the object reconstruction from a diffraction intensity with the missing data due to a beam stop.
Since the phase of the diffracted wave from an object is retrieved from multiple groups of sampling data of a single intensity distribution in the detector plane by the noniterative phase retrieval method, the missing data for each of the multiple groups of sampling data have to be estimated by the interpolation method. In that case, the use of the present interpolation We have demonstrated in computer simulations that the present method can cope with the reconstruction of a complex-amplitude object, which is generally difficult to treat with the iterative method because a nonnegativity constraint cannot be used. The present method yields the reliable reconstruction of an object from a diffraction intensity pattern when the number of missing speckles in this intensity pattern is less than one. This condition of the missing speckles in the present method is almost the same as that in the iterative phaseretrieval method [8] . However, it was also shown that the number of missing speckles should be less than 0.5 in order to reconstruct the object reliably at a practical level of noise. In particular, we have demonstrated that, even if the central value of an intense direct beam with a Gaussian modulus is ten thousand times larger than the maximum value of the object's modulus, the object can be reliably reconstructed from the far-field diffraction intensity with the missing data (in which the number of missing speckles is 0.422), provided that the extent of the intense direct beam is at least four times larger than that of the object.
In practical cases, we need to know the extent of the autocorrelation function of an object for the solution to the missing data problem. Since the stable performance of the present method has been verified by computer simulations despite the poor tolerance for the estimation of the extent, it would be possible to use the estimated extent from the inverse Fourier transform of the diffraction intensity with the missing data. Consequently, we will be able to use the present method for the coherent diffraction imaging with the missing area due to a beam stop, for example, ultrafast single-shot imaging with x-ray free-electron lasers [15] . 
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